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Abstract 

Using the surface tension energy put in dependence on the number of a-clusters in 
the core in a phenomenological model representing a nucleus as a core and a nuclear 
molecule on its surface leads to widening the number of isotopes to be described 
from the narrow strip of /^-stability to the isotopes with N > Z. The number of 
alpha-clusters in the molecule is obtained from the analysis of experimental binding 
energies and the specific density of the core binding energy p and the radii are 
calculated. It is shown that for the isotopes of one Z with growing A the number 
of alpha-clusters of the molecule decreases mostly to 3 and p increases to reach a 
saturation value within p = 2.5 -j- 2.7 MeV/fm 3 at the j3 - stable isotopes, so the 
narrow strip of the binding energies of the /3-stable isotopes with Z < 84 is outlined 
by a function of one variable Z. 

Key words: nuclear structure; alpha-cluster model; core; Coulomb energy; surface 
tension energy, binding energy; charge radius. 
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1 The formulas to calculate binding energies and radii 



In the representation of a nucleus as a core and a nuclear molecule on the 
surface of the core the nuclear binding energies and the radii of (3- stable 
isotopes are calculated [1] . The calculations are made in the framework of an 
a-cluster model based on pn-pair interactions with using isospin invariance 
of nuclear force [2,3]. In the framework of the model some parameters like 
the binding energy and the energy of Coulomb repulsion between two nearby 
clusters had been found to be e aa = 2.425 MeV and e^ a = 1.925 MeV, so that 
the nuclear force energy is to be e^ c = e aa + e^ a = 4.350 MeV [3] as well as 
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the energy of nuclear force of one a- cluster e" uc = e a + e c a = 29.060 MeV [3,4] 
where e a = E^ e = 28.296 MeV and e£ = 0.764 MeV. 

One of the main findings [3] of the phenomenological model is the formula for 
binding energy E of the symmetrical nuclei (N = Z, Z < 30) with the number 
of a - clusters N a = Z/2 

E = N a e a + 3{N a - 2)e aa , (1) 



for the odd Z 1 — Z + 1 nuclei the energy E\ = E + 13.9 MeV. It is suggested 
that the number of short range links in a nucleus consisting of N a a-clusters 
is 3(A^ a — 2) and that the long range part of the Coulomb interactions must 
be compensated with the surface tension energy E st . Then with using isospin 
invariance of nuclear force the empirical values of the Coulomb energy, the 
energy of surface tension and the empirical values of the distance of the po- 
sition of the last alpha-cluster R a in the system of the center of the masses 
of the remote N a — 4 a-clusters have been obtained [3]. From the analysis 
of these values the formulas for Coulomb radius Rc = 1.869A^y 3 fm (see (22) 
[3]), for the radius of the position of the last a-cluster R a = 2.168(A^ a — 4) 1 / 3 
fm (see (21) [2,3]) have been found. The Coulomb energy of the charge sphere 
of the radius R c is E° = 3/5Z 2 e 2 /R c , which after simplifying is 1.848(7V a ) 5 / 3 
MeV [3]. The binding energy of the excess nn-pairs for the beta-stable nu- 
clei E AN = Y.i nn E inn (see (13 ) [3]) where E inn is the binding energy of the 
jth nn _p a j r j n tu e core. The nn-pairs fill out the free space in the core which 
appears due to the difference between the charge and the matter radii of an 
alpha-cluster. Thus, the binding energy of all (3 - stable nuclei with an accu- 
racy in a few MeV is calculated as the sum E = E nuc + E st — E c + E AN where 
E nuc is the energy of nuclear force in short range links (see (7) [3]). 

There is a clear relation between the nuclei A(Z, N) and A\(Z\ } N + 2) where 
Z\ — Z + 1, TV is an even number and N > Z [1,2,3]. Then A\ = A + 3. The 
nuclei have equal cores with N^ re a - clusters and with the same number of 
excess nn-pairs N nn = AN/ 2, where AiV = N — Z. The peripheral molecule 
on the surface of the core consists of N™ 1 a - clusters for the even nucleus 
and of N™ 1 + 0.5 for the odd nucleus. In case of the nucleus Ai(Z\,N + 2) 
one neutron is stuck to the single pn-pair. It has been taken into account [1] 
that the number of short range links in the core has to be 3(N^ or ' e — 2) + 6, 
because the total number of links is 3(N a - 2) = 3{N™ 1 - 2) + 3(N™ re - 2) + 6. 
Therefore the energy of six short range links 6e aa = 6(e"^ c — e^ a ) is added 
to the binding energy of N^ ore a - clusters in calculation of the core binding 
energy. 

So the binding energies E and E 1 of the nuclei A(Z, N) and Ai(Z i: N + 2) are 
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calculated as follows, see (4,5) [1] 

E — E]\Tml E Afml ATcore ~\~ E core . E\ — E 7ymZ+0.5 E at ml at core ~\~ E core ^ (2) 

where E N mi and E Aj-mi+o.s are the experimental binding energies of the nuclei 
with the total number of alpha-clusters equal to N™ 1 and N™ 1+0 - 5 (for ex- 
ample E 3 = Ew c and £"3.5 = Ei5 N ), E9r mlNcore is the energy of the Coulomb 
interaction between the peripheral molecule and the core 

E N^Ngore = 2N™ l 2N™ re e 2 /R a , (3) 



Ej cove the core binding energy 

Ecore — + Encore 

+ 6e aQ , (4) 



where the binding energy of excess nn-pairs Ean = Si E inn was approxi- 
mated (see (12) in [1]) with the following formula in dependence on the number 
of excess nn-pairs N nn 

Ean = (21.93 - 0.762N 2 J n 3 )N nn , (5) 
E N core stands for the binding energy of N^ ore of core a-clusters 

rp rpnuc rpC i Tpst f (?\ 

Ejfjcore — _E/jy core — Hl^ cora -f- Hi , yU ) 



where Efi£„ = N c a ore el uc + 3{N c a ore - 2)e™ c , E^ = 1.848(^ ore ) 5 / 3 ; E st is 
the surface tension energy 

E st = (AT a + 1.7)(^ ore ) 2 / 3 . (7) 



The original formula £ s * = (N a + 1.7)(N a - 4) 2 / 3 (see (17) in Ref. [1]) was 
proposed in Ref. [3] as an approximation function to the factorized sum of the 
square radii of N a — 4 clusters for the nuclei with Z > 30. The part (N a — 4) 2 / 3 
is changed here for (N^ ore ) 2 ^ 3 . In case when iV™ z =4, eq. (7) and the original 
one coincide. So all the formulas are from [1] with one little change in the 
formula for the surface tension energy. 

For the isotopes of the nuclei with Z, Z\ < 29 the binding energy of the a- 
clusters is known from the energy of the symmetrical nuclei with Z = N (1). 
So the binding energy for the isotopes is to be trivial E = Ne a + 3(N a — 
2)e aa + Ean- The energy can be written in the terms of core and a peripheral 
molecule (2) with E core = N™ re e a + 3{N c a ore - 2)e aa + 6e aa + E AN + E% mlNcore . 
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The energy E (2) for the cases almost does not depend on N™ 1 varied within 
2-5. 



Two molecules on the surface of the core, let them consist of N™ 11 and N™ 12 
alpha-clusters, are needed in describing the isotopes with a considerable de- 
ficiency of excess neutrons in the nuclei with big Z, see section 2. Then the 
binding energy is as follows [1] 

E = Ejymll + E^jmll — (E^mll(]\[core+Nml2^ + -E^mi2 Ngore ) + E core . (8) 



For the odd nucleus A i (Z 1 ,N + 2) to calculate E 1 one pn-pair is added to 
one of the molecules. Here E Nm n is exchanged for E N mii+o.5. The value E core 
is calculated by (4) with N™^ = N a - (N™ 11 + N™ 12 ). Unlike [1] the total 
number of short links in the core does not depend on whether there is one or 
two molecules on the surface of the core. 

The following formulas (9-12) have been proposed to estimate radii of the 
nuclei A(Z, N) on N a = Z/2 and the odd nuclei A 1 (Z 1 , N + 2) on N a + 0.5 
[1,2,3]. The simplest one for Z, Z\ > 24 is the following 

R = r a N l J\ (9) 



The core prevails in the cases, so the value r a is to be the charge radius of 
a core a-cluster. To define r a the empirical radii in [5], Table IIIA, with 116 
data for the isotopes A(Z, N) and iV + 2) with Z > 24 have been fitted. 

The authors analyze the muonic atom transition energies with using the same 
model for all observed there isotopes for the nuclei with Z, Z\ < 60 and 77 
< Z, Z x < 83. The value r a = 1.595 fm has been obtained here with the 
rms deviation from the experimental data 5 = 0.030 fm. For the 147 isotopes 
A(Z, N) and A X {Z X , N + 2) with Z > 6 of the table 5 = 0.064 fm. 

The charge radius for the nuclei with Z, Zi > 6 can be estimated from adding 
the volumes of the charges of the core and the peripheral molecule [1] 

i?3 = r l HX i + r l N core^ (10) 



where the radius of a peripheral alpha-cluster n He =1.71 fm. For the nuclei 
without core, i.e. with N a < 5, N^ ore =0. Fitting the data of the Table IIIA [5] 
for the isotopes with Z > 24 with the values N™ 1 , obtained from analysis of 
binding energies, see section 2, (N™ 1 = 3 in most of the cases), gives the value 
r a = 1.574 fm with 5 = 0.033 fm. As for the isotopes with 12 < Z, Z\ < 23 we 
tried N™ 1 = 5, which means the nuclear molecule 20 Ne for the even isotopes 
and 23 Na for the odd isotopes. Then for the 147 isotopes with Z > 6 of the 
table 5 = 0.040 fm. 
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Another way to calculate charge radii for the nuclei with Z, Z\ > 6 is the 
following [2] 



where the square core radius and the square distance of the position of the last 
a-cluster in the system of the center of mass of the core (for the Z, Z\ < 23 
the empirical values R a are used, see (17) in [3]) are added with their weights 
to be equal to the square radius of the nucleus weighed with N a . In the cases 
when N^ ore < N™ 1 (N a < 10 and N™ 1 = 5) the formula is rewritten for the 
center of mass of the peripheral molecule. Then N™ 1 and N^ ore exchange their 
places and r a is replaced with r4 He . The value r a = 1.595 fm obtained from 
fitting 116 data for the isotopes with Z > 24 of Table IIIA [5] gives 5 = 0.038 
fm. For the 147 isotopes with Z > 6 of the table 5 = 0.040 fm. 

The next formula estimates the radii for Z, Z\ > 6 by adding the volumes of 
the charge of the peripheral N™ 1 a-clusters and the body of the core, consisting 
of the volume occupied by the bodies of the alpha-clusters and the volume of 
the excess nn-pairs [2] 



where r p /„=0.954 fm stands for the radius of the volume which is one nucleon's 
share in the volume of an a-cluster body, r n =0.796 fm is the radius of one 
neutron of a nn-pair. The deviation 5 = 0.028 fm from fitting the data of the 
isotopes with Z > 24 of Table IIIA [5]. For the experimental radii of the 147 
isotopes with Z > 6 of the table 5 = 0.037 fm. 

One should notice here that the radius of a core a - cluster 4 1//3 r p /„ is not 
its mass radius. It rather defines the space which can't be occupied by excess 
neutrons, because there is some structure made of pn-pairs. The results of 
fitting experimental radii show that the charge radius of an a-cluster slowly 
changes with growing Z (otherwise 5 would not depend of the group of data 
selected for fitting). So does the a- cluster's body radius. 

The real mass radii of all nucleons considered as elementary bricks of a nucleus 
should be equal and they can not change, because the binding energies are too 
small in comparison with their masses. The well known formula R = TqA 1 ^ 3 
of the liquid drop model with the fitted value r =0.95 fm for the isotopes 
with Z > 24 of the Table IIIA [5] gives the considerably bigger deviation 5 = 
0.067 fm and for 147 isotopes with Z > 6 rms deviation is 5 = 0.12 fm, which 
is considerably worse than those of the equations (9-12). This clearly shows 
that the distances between nucleons in a nucleus are not related to their mass 
radii. 



N a R 2 = iVr e (r Q (iVr e ) 1/3 ) 2 + NfR 2 a 



(11) 




N™ l rl He + N^{Arl /n ) + N nn (2r 3 n ), 



(12) 
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The experimental data of the other isotopes with 60 < Z, Z\ < 77 are pre- 
sented in [5] in a separate table, Table IIIC, because they are treated as 
deformed ones. The radii for the isotopes calculated by (9-12) with the N™ 1 
obtained in the analysis of experimental binding energies (see section 2) are in 
an agreement with the data in the table, although they are always less than 
the experimental radii on several hundredths of fm. 



2 Binding energies and radii of the isotopes with N > Z 

For the nuclei with Z, Z 1 > 30 the number N™ 1 is found from the analysis of 
experimental binding energies [6] with average deviation of calculated energies 
from experimental values in 2.5 MeV. Some examples are given in the table in 
Appendix. All isotopes with growing the number AA" have the N^ ore increasing 
and A"™' correspondingly decreasing. At /3-stable isotopes N™ 1 reaches the 
value 2 for some of the isotopes with Z = 38 -i- 43 and N ml = 4 for some 
of the isotopes with 66 < Z, Z\ < 79. For the other /3-stable isotopes N™ 1 = 
3. The /5-stable isotopes with Z, Z\ > 85 have N™ 1 = 4, 5. The calculated 
binding energies of the isotopes with 12 < Z, Z\ < 29 do not depend much 
on A 7 "™' varied within 2 4- 5. So for the /3-stable isotopes of the nuclei with 24 
< Z, Z\ < 29 it is suggested that N™ 1 equals 3 as it does for the heavier nuclei. 
For the light nuclei having core 12 < Z, Z\ < 23 the calculations on (10-12) 
with the value N™ 1 = 5 give a small deviation 5 from the experimental radii. 
Spreading the common rule that with growing A the value N™ 1 decreases to 

3 for these nuclei makes the deviations smaller. 

The specific density of core binding energy is calculated as p = E core / (N^ ore v a ) 
where E core is (4) for the isotopes with Z, Z 1 > 30, v a = 4/37rr^ at the charge 
radius of the core a - cluster r a = 1.595 fm taken from fitting the experimental 
radii by (9) and (11). The value p grows slowly with the number of excess 
neutrons and at /9-stable isotopes it reaches a saturation value p ~ 2.6 ±0.1 
MeV/fm 3 . For example, the /3-stable isotopes with Z = 30, 60 and 80 have 
N ml = 3 and p = 2.48 4 2.67 MeV/fm 3 , 2.53 4 2.63 MeV/fm 3 and 2.47 4- 2.55 
MeV/fm 3 correspondingly. Then the narrow strip of binding energies of f3 - 
stability is to be outlined by E (2) with E core = N^ ore v a p. With N™ 1 =3 (for 
Z, Z x < 84) and p = 2.55 MeV/fm 3 the binding energy E (2) is a function of 
one variable N a (Z ) 

E = E N mi + N^v a p - 2N™ l 2N™ re e 2 /R a , (13) 

where N™ re = N a - N™ 1 and R a = 2.168(A" a - 4) 1 / 3 (for the Z < 22 the 
empirical values R a are used, see (17) in [3]). In Fig. 1 the graph of the function 
(13) is given in comparison with the experimental values of the lightest and the 
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Fig. 1. The binding energy of beta-stable isotopes. Dots indicate the experimental 
energies of the lightest and the heaviest even beta-stable isotopes. Two lines indicate 
the function (13) with N™ 1 = 3 and 5. 



heaviest even Z beta-stable isotopes depicting the boundaries of /3-stability. 
The width of the strip is determined by the variation of p within 2.5 -j- 2.7 
MeV/fm 3 and by the number N^ ore . The physical meaning of t> Q ,p=43.34 MeV 
is the core binding energy per one a - cluster. Then the number of excess 
neutrons of (3 - stability is denned by (5) and by the eq. E AN = A3.3AN^ ore — 

Encore — Qe aa . 

As it was shown in [1] the binding energies of the excess nn-pairs in /3-stable 
nuclei obey the eq. (5) with the accuracy in a few MeV. Therefore the energy 
E (2,8) with Ean (5) can be calculated only for those isotopes that have the 
excess neutrons inside the core, i.e. for the A < A st where A st is the mass 
number of the heaviest /3-stable isotope among those belonging to one Z. 
Examples are given in Table 1 (see Appendix) for the isotopes with Z = 30, 
31, 80, 81. For Z = 30 and 31 all the isotopes with N > Z with known energies 
are given. One can see that for the isotopes with A > A st the values of the 
nn-pair separation energy E s ^ n = E A , {Z:N+2 ) ~ E A{Z , N ) less than E Nnn (5). It 
allows one to suggest that the nn-pairs come out of the core not affecting the 
core density. In such cases the binding energy is equal to the sum of E (2) for 
the isotope A st and J2 E*^ of the last nn-pairs. 

One can see that £^f n for both isotopes A(Z, N) and A\[Z\, N + 2) in most 
of the cases are almost equal. It approves the idea that the cores of the nuclei 
with Z and Z\ are mostly equal. One can see from Table 1, that the separation 
energies for the most of the pairs of A(Z, N) and Ai(Zi,N + 2) differ 

within 1 MeV. It allows one to make a prediction for some isotopes with 
A > A st , when the energy of the complementary nucleus has been already 
measured. Some of the predicted values are £123(45, 78) =1007 MeV, -&L26(46,80) 
= 1034 MeV, £139(51,88) = H32 MeV, £145(53,92) = 1171 MeV, £148(54,94) = 1193 
MeV, £i 89(73 ,ii 6) =1500 MeV, £i 93 ( 75 ,ii8) = 1529 MeV, £i 75(8 i j94) =1348 MeV, 
£ 26 i(ioi,i60) =1929 MeV. 
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In accordance with the representation of a core as a liquid drop one can suggest 
that the excess nn-pairs concentrate inside the core near its surface due to the 
surface tension, so that the filling out the space inside the core goes from 
surface to center. The very first nn-pairs can be at the boundary of the core 
defined by core's charge radius. Therefore for the isotopes lighter than stable 
ones the equations (9-11) should predict the charge radii. For the (3 - stable 
isotopes and the heavier ones with the nn-pairs out of the core one should 
use (12) to estimate the nuclear size. Then the nuclear radii with growing A 
should first decrease with decreasing N™ 1 till the stable isotopes, which have 
approximately equal radii calculated by (9-12). For the heavier isotopes the 
radii slowly increase (12) with growing A because of the growing amount of 
nn-pairs on the surface of the core. 



References 

[1] G. K. Nie. larXiv:0707.429TV 3 [nucl-th] 20Sep2007 

[2] G. K. Nie, Mod. Phys. Lett. A, 21, 1889 (2006). 

[3] G. K. Nie, Mod. Phys. Lett. A, 22, 227 (2007). 

[4] P. D. Norman, Eur. J. Phys. 14, 36 (1993). 

[5] G. Fricke et al, Atomic Data and Nuclear Data Tables 60, 207 (1995) 

[6] CDFE online service, |http://cdfe.sinp.msu.ru/| 

3 Appendix 

Table 1. Binding energies and radii of the isotopes with Z=30, 31, 80, 81. 
AN is the number of excess neutrons in the core. E exp is from [6], E^v is the 
separation energy of the last nn-pair, N™ 1 is the number of alpha-clusters 
out of the core, R exp is from [5]. * indicates a /5-stable nucleus 
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5.455 


81 


30 


193 


1526 


22 


4 


1525 




5.459 


5.509 


5.461 


5.477 


80 


32 


192 


1519 


17 


4 


1519 




5.442 


5.485 


5.433 


5.455 


81 


32 


195 


1539 


13 


5 


1536 




5.487 


5.522 


5.474 


5.477 


80 


34 


194 


1535 


16 


4 


1533 




5.453 


5.485 


5.433 


5.455 


81 


34 


197 


1555 


16 


4 


1553 




5.481 


5.509 


5.461 


5.477 


80 


36 


*196 


1551 


16 


3 


1554 




5.448 


5.475 


5.421 


5.455 


81 


36 


199 


1571 


16 


4 


1566 




5.492 


5.509 


5.461 


5.477 


80 


38 


*198 


1566 


15 


3 


1567 


5.448 


5.459 


5.475 


5.421 


5.455 


81 


38 


201 


1586 


15 


3 


1590 




5.487 


5.499 


5.449 


5.477 


80 


40 


*200 


1581 


15 


3 


1580 


5.457 


5.470 


5.475 


5.421 


5.455 


81 


40 


*203 


1601 


15 


3 


1603 


5.472 


5.498 


5.499 


5.449 


5.477 


80 


42 


*202 


1595 


14 


3 


1592 


5.467 


5.481 


5.475 


5.421 


5.455 


81 


42 


*205 


1615 


14 


3 


1615 


5.483 


5.509 


5.499 


5.449 


5.477 


80 


44 


*204 


1609 


14 


3 


1604 


5.478 


5.492 


5.475 


5.421 


5.455 


81 


44 


207 


1628 


13 


3 


1627 




5.520 


5.499 


5.449 


5.477 
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